Introduction 1
Structural elements like beams in nano-length scale are commonly used in nanotechnology devices such as NEMS. For devices of this size, the lengths are in the order of interatomic distances, so the nonlocal and small-scale effects can be significant. Generally, classic continuum theories are found to be inadequate because of their scale-free constitutive equations. In fact, these classic theories cannot capture the size effects. On the other hand, computational methods like Molecular Dynamics (MD) are not suitable for large-scale nano-structures because of their restricted capacities. Size-dependent continuum theories have thus received increasing attention in modeling nano-scale structures and devices. Among these, the theory of nonlocal continuum mechanics introduced by Eringen (1972; 1976; 1983 and 2002) and Eringen and Edelen (1972) has been widely used in nanomechanics for the small-scale effects. The characteristics of such theories are taking the internal length-scale and inter-atomic forces into consideration.
Nonlocal continuum mechanics has been applied in the areas of lattice dispersion of phonon waves, fracture and damage mechanics, wave propagation in nano composites, dislocation mechanics and surface tension in fluids, etc. (Eringen, 1983) .
In particular, one property that has been extensively studied is the buckling of carbon nanotubes (CNTs), under axial compression (Yakobson et al., 1996; Peddieson et al., 2003; Wang et al., 2006; Sudak, 2003; Reddy and Pang, 2008; Reddy, 2007; Kumar et al., 2008; Feliciano et al., 2011; Zhang et al., 2004; Silvestre et al., 2011; Ma et al., 2008; . Recently, some researchers investigated the free vibration and wave propagation of CNTs using nonlocal beam theories (Lu et al., 2006; Wang, 2005; Wang, Q. and Wang, C.M., 2007; Yang et al., 2010; and Chang et al., 2002) .
Paper received 18 September 2011. Paper accepted 21 November 2011 Technical Editor: Lavinia Borges
As mentioned before, the buckling equation of nanobeams modeled by nonlocal Timoshenko beam theory is a sixth-order differential equation and requires six boundary conditions including four classic (local) and two non-classic (higher-order) boundary conditions (Reddy and Pang, 2008) . Researchers usually solve this equation without considering higher-order boundary conditions by neglecting the sixth-order term of the differential equation, because the higher-order boundary conditions are not determined clearly (Reddy and Pang, 2008) . This approximation leads to inaccurate critical buckling loads. This paper presents a novel method to derive the governing equations and all the classic and higher-order boundary conditions based on nonlocal continuum theory, strain gradient elasticity and variational method, simultaneously. Moreover, the exact and closedform solutions of the critical buckling loads for nanobeams with various end conditions are investigated. The presented model includes the small-scale parameter and can simply degenerate into the other beam theories such as nonlocal Euler-Bernoulli, classical Timoshenko and classical Euler-Bernoulli beam models by ignoring either shear deformation parameter or nonlocal parameter or both of them, respectively.
In this paper, we investigate the use of the more refined Timoshenko beam model for modeling the buckling behavior of CNTs with small-scale effects. The numerical results for the axial buckling of CNTs are derived and the proposed beam model based on nonlocal boundary conditions is validated through comparison with results from MD simulations and Sanders shell theory, and consistent values for the nonlocal elasticity constant of nanotubes are determined. It will be shown herein how surprisingly well the Timoshenko beam model is able to investigate buckling strains of CNTs that are length dependent and relatively close to those predicted by MD simulations.
Nonlocal Timoshenko Beam Theory
The nonlocal elasticity model was first presented by Eringen (1983) . According to this model, the stress at a reference point in the body is dependent not only on the strain state at that point, but also on the strain state at all of the points throughout the body. The constitutive equation of the nonlocal elasticity can be written as follows (Eringen, 1983) :
where ijkl C is the elastic module tensor of the classical isotropic elasticity; and ij σ and kl ε are the stress and strain tensors, respectively.
In addition, 0 e is a nondimensional material constant, determined by experiments, and a is an internal characteristic length (e.g., a lattice parameter, granular distance). Therefore, a e 0 is a constant parameter showing the small-scale effect in nano-structures.
The assumed displacement field of the Timoshenko beam kinematics is
where φ denotes the rotation of the cross section at point x about yaxis. The remaining nonzero axial and transverse shear strains are given by
The rotation of the cross section and the transverse shear strain are illustrated in Fig. 1 for a Timoshenko beam element as below: The nonlocal stress resultants of axial force, shear, and bending moment are derived from the above equations, respectively:
where E, G, A and I are the Young's modulus, shear modulus, crosssectional area of beam and area moment of inertia of beam cross section, respectively. Additionally, S K denotes the shear correction factor, defined by
This factor corrects the assumption of constant shear strain on the cross section of beam in Timoshenko model, depending on the material and geometry of the cross section.
Strain Gradient Approach
Solving Eq. (4), the nonlocal axial and shear stresses as a function of displacement field can be determined as follows:
, where L is the length of the beam, and neglecting the higher powers of the nonlocal parameter, ( ) 2 0 a e , the solution could be simplified to
In fact, Eqs. (10a) and (10b) can be thought of as constituting a strain gradient form of the nonlocal beam model (Peddieson et al., 2003) . Considering strain gradient approach, for a Timoshenko beam subjected to an external compressive and conservative force field, 0 N , and laterally distributed load, ) (x p , the total potential energy, Π , given by Kumar et al. (2008) is generalized in the presence of shear deformation effects as follows: ABCM ( ) ( ) ( 
Thus, the second term is added to the original equation for capturing the shear deformation effects in Timoshenko beam theory. Furthermore, Chang et al. (2002) proved the original form of this equation for strain gradient theory without higher-order stress. They used characteristic size coefficient ( 6 2 d ) instead of nonlocal parameter and derived the potential energy density using integration by parts. The last three terms of Eq. (11) are also the work done by the axial load, lateral load and von Karman effect, respectively.
Substituting Eq. (3) into Eq. (11) and integrating over the crosssectional area, the following expression is obtained for Π : 
Governing Equations and Boundary Conditions
The classical axial force, CL N , acting on the beam cross-section is defined as
Using the above expression for CL N and ignoring the laterally distributed loads, p , for buckling analysis, the variation of Eq. (12) with respect to ( )
and equating to zero can be written as
Integrating by parts, we obtain the governing equation and boundary conditions in the x direction as
Performing the variation with respect to ( ) 
Integrating by parts, we obtain the governing equation and boundary conditions for w as
, 0 
Using integration by parts, the governing equation is given by
and the following boundary conditions are derived:
By substituting the nonlocal shear force and bending moment defined in Eqs. (6) and (7) into the governing Eqs. (19) and (23), and omitting the similar terms from both sides of the equations, we obtain ( ) 
Solving Eq. (26a) for φ gives 28) where 0 N is an external axial compressive load. This equation is similar to that obtained by Reddy and Pang (2008) for buckling of the nonlocal Timoshenko beam using Hamilton's Principle.
In addition, for solving the above equation six boundary conditions are required (three for each end), but eight boundary conditions appear in Eqs. (20)- (21) and (24)- (25). It means that there is one additional boundary condition for each end. So, the main objective is to select three independent boundary conditions which can satisfy all four boundary conditions for each end. In the next part, the boundary conditions for various beam supports are obtained.
The nondimensional form of Eq. (28) 
where Ω and µ are the nondimensional forms of shear deformation and nonlocal parameters, respectively, and r is the ratio of the critical buckling loads as follows:
where NL cr N is obtained from solving Eq. (28) and L cr N is that given by classic Euler columns for simply supported end conditions. We may simply switch to nonlocal Euler-Bernoulli beam model by ignoring the shear deformation terms. Also, the local Timoshenko beam model is obtained by letting the nonlocal parameter to be zero and by setting the shear deformation and nonlocal parameters to zero, the local Euler-Bernoulli beam model appears.
Buckling Solutions
Here we consider analytical solutions for nonlocal Timoshenko beams under a constant axial compressive load, using the buckling equation obtained in Eq. (28) 
The first solution in Eq. (32) is found to be valid depending on the sign of ∆ . Therefore, the second solution is not used in this research and is only stated for completeness.
Simply supported beams
Considering the classic continuum mechanics for simply supported boundary conditions, the deflection and bending moment are zero at each end. We note that the essential boundary conditions are the same for the local and nonlocal boundary conditions. However, the natural boundary conditions should be transformed to the nonlocal form, in order that they can be used in higher-order theories. To this end, we use the classic boundary conditions as well as the newly derived boundary conditions in Eqs. (20)- (21) and (24)- (25) (32), we obtain a system of six homogeneous algebraic equations. In order to have a nontrivial solution, we should enforce the determinant of the coefficient matrix for the system of equations to be zero.
For simply supported conditions, the critical buckling load is obtained as
Manipulating the above equation using the dimensionless parameters µ and Ω , the critical buckling load becomes
This result is exactly the same as that obtained by Reddy (2007) using Fourier series and shows the perfect compatibility to the presented method. Reddy (2007) introduced the equation (38) as an exact solution for buckling of only simply supported beams. In his method, the series expansions of the generalized displacements are defined in order to satisfy the boundary conditions. However, it is not easy to define these series expansions of the generalized displacements for other boundary conditions such as clamped, cantilever or propped cantilever beams, but in the case of simply supported beams, it can verify Eq. (38) and new boundary conditions.
In addition, this result is similar to that obtained by Reddy and Pang (2008) using Hamilton's principle, except for an additional term which is the product of µ and Ω . This is due to neglecting the sixth-order term in solving the differential equation in the work of Reddy and Pang (2008) . This equation is presented as follows: 
Clamped beams
Regarding the classic continuum mechanics for clamped boundary conditions, the deflection and rotation of the cross-section are zero at each boundary. Thus, we use these classical as well as the newly derived boundary conditions in Eqs. (20)- (21) and (24)-(25) to derive the following boundary conditions. In this way we satisfy all four boundary conditions. 
Cantilever beams
The boundary conditions for the fixed end of a cantilever beam at 0 = x are derived in Eq. (40) for clamped beams. However, the boundary conditions for the free end of a cantilever beam at L x = are obtained based on the newly derived boundary conditions in Eqs. (20)- (21) and (24)-(25). Considering the classic boundary conditions, the shear force and bending moment are zero at the free end. Thus, we use these classic boundary conditions as well as the newly derived boundary conditions in Eqs. (20)- (21) and (24) 
Again, these boundary conditions satisfy Eqs. (20)- (21) and (24) 
This result is similar to that obtained by Reddy and Pang (2008) for cantilever beams, except an additional term which is the product of µ and Ω . Again, this is due to neglecting the sixth-order term in solving the differential equation in their work. This equation is presented as below:
Thus, in the case of cantilever beams, it can verify Eq. (45) and new boundary conditions in Eqs. (40) and (43) derived from variational approach.
Propped cantilever beams
The boundary conditions for propped cantilever beams are the combination of clamped and simply supported boundary conditions, derived before. Assuming the fixed end at 0 = x and hinged end at L x = , we have Eqs. (40) and (36) 
Generalizing, the closed-form and exact solution of critical buckling load for nonlocal Timoshenko beam with various end conditions is investigated as
where k is a constant depending on different boundary conditions and defined as 1 = k for simply supported, 2 = k for clamped, 5 . 0 = k for cantilever and 43 . 1 = k for propped cantilever beams considered for the fundamental mode of buckling load. This is a remarkable result which can relate the nonlocal solutions with the small-scale effects to the classical solutions of the beams.
Defining the equivalent values for length, nonlocal and shear deformation parameters as follows:
where eq l is an equivalent length, defined for buckling of columns with different boundary conditions. 
Numerical Results

Comparison of critical buckling loads for beam theories
In this section, we consider numerical solutions for CNTs modeled as nanobeams with circular cross sections. The numerical results are presented in the form of graphs and tables for different types of end conditions, using the following effective properties of carbon nanotubes (Reddy and Pang, 2008) As it may be observed from Tables 1-4 , the first row of each table indicates the local form (i.e., 0 = µ ) and in this state the solution of the nonlocal Timoshenko beam without higher-order boundary conditions and exact nonlocal Timoshenko beam are the same. This is due to ignoring the nonlocal parameter that leads to ignoring the higher-order boundary conditions.
In general, the shear deformation and nonlocal parameters have the effect of reducing the buckling loads. This effect is the most significant for clamped beams (up to 7%) and the least significant for cantilever beams (about 1%).
Validation of critical buckling strains
In this subsection, the numerical results for critical buckling strains obtained from this continuum mechanics theory are compared with those obtained from MD simulations and Sanders shell theory (Silvestre et al., 2011) . Since the MD simulations referenced herein consider the CNTs with fixed ends, we also consider the NTBT model with fully clamped boundary conditions. In addition, CNT (5,5) (Yakobson et al., 1996) . The results from MD simulations, nonlocal Timoshenko beam and Sanders shell models are compared in Table 5 .
It is seen that the critical buckling strains are in good agreement as compared with the results obtained from MD simulations as well as Sanders shell theory. Moreover, the results show that unlike the other beam theories, this model could capture correctly the lengthdependent buckling strains of short CNTs for the mode of shell-type buckling. In fact, the available beam models are unable to show the correct trend in critical axial buckling strains of short CNTs, while the proposed nonlocal beam model shows much better agreement with the molecular dynamics simulation results.
Finally, based on the MD simulation results, the value of nonlocal constant is determined for CNTs based on an averaging process. The best match between MD simulations and nonlocal formulations is achieved for a nonlocal constant value of 3 . 0 0 = a e for CNT(5,5) and 53 . 0 0 = a e for CNT(7,7), with good accuracy (the error is less than 10%). Critical buckling strains of CNT(5,5) and CNT(7,7) 
Conclusions
Nonlocal Timoshenko beam model was developed and buckling behavior of CNTs was analyzed using a mixed approach based on the strain gradient theory and variational method of total potential energy. This approach provides the governing equations and variationally consistent sets of boundary conditions for various end supports.
In addition, the exact and closed-form eigenvalues of the nonlocal critical buckling loads for nanobeams with various end conditions were investigated, which are more complete and accurate compared with those available in the literature. These solutions could simply be reduced to the nonlocal Euler-Bernoulli, classical Timoshenko and classical Euler-Bernoulli beam models by ignoring the nondimensional shear deformation parameter Ω , nonlocal parameter µ or both of them, respectively.
Moreover, the small-scale effects and shear deformation parameter are specifically highlighted for this model using higherorder boundary conditions. In this case, it is clearly observed that the critical buckling loads obtained from Eq. (52) for all different boundary conditions are always smaller than those predicted by the classical model. In fact, the nonlocal parameter µ and shear deformation parameter Ω have the effect of reducing the buckling load. This effect is the most significant for clamped beams (up to 7%) and the least significant for cantilever beams (about 1%).
